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Abstract
We study the critical behavior of the D (2 < D < 4) dimensional Gross-Neveu
model with a Thirring interaction, where a vector-vector type four-fermi interaction
is on equal terms with a scalar-scalar type one.
By using inversion method up to the next-to-leading order of 1/N expansion, we
construct a gauge invariant effective potential. We show the existence of the chiral
order phase transition, and determine explicitly the critical surface. It is observed
that the critical behavior is mainly controlled by the Gross-Neveu coupling g. The
critical surface can be divided into two parts by the surface g = 1 which is the
critical coupling in the Gross-Neveu model at the 1/N next-to-leading order, and
the form of the critical surface is drastically change at g = 1. Comparison with the
Schwinger-Dyson(SD) equation is also discussed. Our result is almost the same as
that derived in the SD equation. Especially, in the case of pure Gross-Neveu model,
we succeed in deriving exactly the same critical line as the one derived in the SD
equation.
1 Introduction
One of the most important subject in the elementary particle physics is how to treat
non-perturbative effect and how to obtain non-perturbative information. Since the work of
Nambu-Jona-Lasinio(NJL)[1], chiral symmetry breaking have been studied extensively in
various models, e.g. QCD, strong coupling QED[2], gauged NJL[3, 4], etc.. Particularly,
the mechanism of dynamical mass generation has been applied to models beyond the
1e-mail: dateki@eken.phys.nagoya-u.ac.jp
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standard model, for example, walking technicolor[5], top mode standard model[6], etc..
In these models, scalar 4-fermion interaction plays an important role. Such a 4-fermion
interaction in D(2 < D < 4) dimensions, the Gross-Neveu model[7], has been extensively
studied.
Recently dynamical symmetry breaking and dynamical mass generation in the Thirring
model[8], which has vector-vector type 4-fermion interaction in D dimensions(2 < D < 4),
has been studied by many authors [9, 10, 11]. Usually the Thirring model is studied in
the form where the fermion has a minimal coupling with a massive vector boson through
introduction of the vector auxiliary field. Although this theory (as well as original Thirring
model) has no local gauge symmetry, several authors treated this massive gauge field as a
genuine gauge field[9]. Itoh et al. [10] have reformulated Thirring model as a gauge theory
by using the hidden local symmetry[12], and emphasized the advantage of maintaining
such a manifest gauge symmetry in the analysis of Thirring model in terms of SD equation.
Kondo[11] further analyzed such a formulation in terms of the inversion method[13].
It would be interesting to consider the critical behavior of the model in which the
above two types of 4-fermi interaction coexist. Actually, Kim et al.[15] studied such a
model but without manifest gauge symmetry. Due to each of the gauge symmetry their
analysis of the SD equation unfortunately depends on their assumptions.
In this paper, we analyze Gross-Neveu model with Thirring interaction by introducing
hidden local symmetry and using the inversion method[13] instead of SD equation. We
obtained the generating functional of the next-to-leading order and the effective potential
by the inversion method. The critical line is obtained in the parameter space (g, gv, N)
where g and gv are the dimensionless couplings of Gross-Neveu and Thirring model,
respectively, and N is the number of fermions. The phase structure drastically changes
at g=1 which is the critical coupling of the pure Gross-Neveu model at the leading order
of 1/N expansion. For g > 1 the phase structure is essentially determined by the Gross-
Neveu interaction being only operative in the 1/N -subleading corrections, while for g < 1,
the the symmetry breaking take place only due to the subleading effects where the Thirring
interaction yields attractive force to form the condensate in contrast to the Gross-Neveu
interaction which is opposite.
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Following the procedure of Ref.[10], we reformulate the original theory as a gauge
theory in section 2. In section 5 and section 6, we calculate the effective potential for
the chiral order parameter 〈ψ¯ψ〉, by using the inversion method in 1/N expansion. Based
on this potential, we study spontaneous chiral symmetry breaking and explicitly obtain
the critical surface which is the boundary between symmetric phase and spontaneously
broken phase. Comparison with the SD equation is discussed in section 7.
2 Hidden Local Symmetry
Let us consider D-dimensional Gross-Neveu model with Thirring interaction (2 < D <
4). The Lagrangian is given by
L˜ = Ψ¯(x)i 6∂Ψ(x) + GS
2N
(Ψ¯(x)Ψ(x))2 − GV
2N
(Ψ¯(x)γµΨ(x))2 + JΨ¯(x)Ψ(x), (1)
where Ψa is a 4-component Dirac spinor with index a (a = 1, 2, · · · , N) and belongs to
a fundamental representation of U(N), and γµ(µ = 0, 1, 2, · · · , D − 1) are 4 × 4 matrices
satisfying the Clifford algebra {γµ, γν} = 2gµν1. Index a will be omitted in the following.
Here we introduced the source J = constant in order to study 〈Ψ¯Ψ〉. Using the auxiliary
field, we may rewrite this Lagrangian in to the form
L˜′ = Ψ¯(i 6∂ + J)Ψ− 1
2GS
σ2 − 1√
N
σΨ¯Ψ +
1
2GV
A˜2µ +
1√
N
Ψ¯˜6AΨ, (2)
where the auxiliary massive vector field A˜µ corresponding to the current Ψ¯γµΨ is not
really a gauge boson as it stands, and this Lagrangian actually has no gauge symmetry.
Itoh et al.[10] introduced hidden local symmetry to the Thirring model and treated it
really as a gauge theory. Following the same procedure as in Ref.[10], we introduce hidden
local symmetry to our model. What we should do is only the following substitution:
{
Ψ = e−iφψ,
A˜µ = Aµ −
√
N∂µφ .
(3)
The Lagrangian(2) is written as
L˜′′ = ψ¯(i 6∂ + J)ψ − 1
2GS
σ2 − 1√
N
σψ¯ψ +
1
2GV
(Aµ −
√
N∂µφ)
2 +
1√
N
ψ¯ 6Aψ , (4)
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where φ is the NG boson for U(1)local symmetry breaking, which is to be absorbed
into the longitudinal mode of massless gauge boson Aµ. L˜′′ is gauge-equivalent to the
Lagrangian L˜′. Actually, if we take the unitary gauge (θ = −φ), the Lagrangian L˜′′
reduces to L˜′. It is noted that in contrast to L˜′ which has no gauge symmetry, L˜′′ has a
U(1)local symmetry: 

Aµ −→ A′µ = Aµ +
√
N∂µθ ,
ψ −→ ψ′ = eiθψ ,
φ −→ φ′ = φ+ θ .
(5)
The total Lagrangian can be obtained by adding to (4) the gauge fixing term and Faddeev-
Popov(FP) ghost term:
LGF+FP = −iδB(c¯f [A, c, c¯, B, φ]) , (6)
and is invariant under the following BRS transformation:
δBAµ(x) = ∂µc(x) ,
δBB(x) = 0 ,
δBc(x) = 0 ,
δB c¯(x) = iB(x) ,
δBφ(x) =
1√
N
c(x) ,
δBψ(x) =
i√
N
c(x)ψ(x) ,
δBσ(x) = 0 , (7)
where c(x), c¯(x) are the FP ghost fields and B(x) is the Nakanishi-Lautrap field. If
we chose f(A, c, c¯, B, φ) = F (A, φ) + ξ
2
B, FP ghost is decoupled from the system. By
integrating out B, we can rewrite gauge fixing term LGF as
LGF = − 1
2ξ
F (A, φ)2 . (8)
Here, covariant gauge and Rξ gauge corresponds to following choice for F (A, φ), respec-
tively.
F (A, φ) = ∂µAµ : covariant gauge , (9)
4
F (A, φ) = ∂µAµ +
√
N
GV
ξφ : Rξ gauge . (10)
In the covariant gauge(9), NG boson φ(x) is not decoupled except the Landau gauge(ξ =
0). On the other hand, in the case of Rξ gauge, φ(x) is completely decoupled from the
system and therefore the system can easily be treated[10]. Here we choose Rξ gauge. The
total Lagrangian is obtained by adding LGF to the Lagrangian L˜′′:
L˜′′′ = L+ Lφ , (11)
Lφ = N
GV
{
1
2
(∂φ)2 − ξ
2GV
φ2
}
, (12)
L = ψ¯(i 6∂ + J)ψ + 1√
N
ψ¯ 6Aψ − 1√
N
σψ¯ψ − 1
2GS
σ2 +
1
2GV
A2µ −
1
2ξ
(∂µAµ)
2 , (13)
L = ψ¯(i 6∂ + J)ψ + 1
2
σiG(0)−1σ σ +
1
2
AµiD(0)−1µν A
ν +
1√
N
ψ¯ 6Aψ − 1√
N
σψ¯ψ , (14)
where G(0)σ and D
(0)
µν are the tree level scalar propagator and the tree level gauge boson
propagator, respectively, which are written as
G(0)σ =
i
−GS , (15)
D(0)µν = i
{
1
G−1V
P Tµν +
(
1
G−1V + ξ
−1p2
PLµν
)}
, (16)
P Tµν ≡ gµν −
pµpν
p2
, PLµν ≡
pµpν
p2
. (17)
3 Vacuum Polarization
In this section, we calculate the vacuum polarization tensor in the Euclidean space.
By making use of the gauge invariant Pauli-Villars regularization, it is shown that the
1-loop vacuum polarization tensor has the following form[14]:
Πµν(p) = Π(p)P
T
µν , (18)
where Π(p) can be written as
Π(p) =
−2(tr1)Γ(2−D/2)
(4pi)D/2
∫ 1
0
dx
(x− x2)p2
{J2 + (x− x2)p2}2−D/2 (19)
= −(tr1)Γ(2−D/2)
3(4pi)D/2
p2JD−4F
(
2− D
2
, 2,
5
2
;− p
2
4J2
)
, (20)
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with F (α, β, γ; z) being the hypergeometric function. Since the source J is infinitesimal,
we can consider J as 2J/p ≪ 1 for non-zero momentum p 6= 0. Using the mathematical
identity for the hypergeometric function,
F (α, β, γ; z) =
Γ(γ)Γ(β − α)
Γ(β)Γ(γ − α)(−z)
−αF (α, α− γ + 1, α− β + 1; z−1)
+
Γ(γ)Γ(α− β)
Γ(α)Γ(γ − β)(−z)
−βF (β, β − γ + 1, β − α + 1; z−1) , (21)
we can expand Π(p) in terms of 2J/p:
Π(p) = f0p
D−2 + f2p
D−4J2 + fDp
−2JD + f4p
D−6J4 +O(J6, JD+2) , (22)
f0 =
−2(tr1)Γ(2−D/2)
(4pi)D/2
B(D/2, D/2) , (23)
f2 = −2(4−D)(D − 1)
(D − 2) f0 , (24)
f4 = −2(6−D)(D − 3)(D − 1)
(D − 2) f0 , (25)
fD =
23f0
D(D − 2)B(D/2, D/2) . (26)
Doing almost the same calculation as the one in Πµν(p), the 1-loop vacuum polarization
for scalar propagator Πσ(p) is obtained as
Πσ(p) = −c0 + c1
∫ 1
0
dx{J2 + (x− x2)p2}D/2−1 , (27)
where c0 and c1 are defined by
c0 =
2(tr1)ΛD−2
(4pi)D/2Γ(D/2)(D− 2) , c1 =
2(tr1)Γ(2−D/2)(D − 1)
(4pi)D/2(D − 2) . (28)
For p = 0,
Πσ(0) = −c0 + c1JD−2 . (29)
For p 6= 0, Πσ can be expanded under the condition 2J/p≪ 1:
Πσ(p) = −c0 + h0pD−2 + h2pD−4J2 + hDp−2JD + h4pD−6J4 , (30)
6
h0 =
(tr1)Γ(D/2)Γ(2−D/2)(D − 1)
(4pi)D/22D−2(D − 2) , (31)
h2 = 2(D − 1)h0 , (32)
h4 = 2(D − 3)(D − 1)h0 , (33)
hD = −(tr1)Γ(2−D/2)Γ(D/2)(D− 1)
(4pi)D/2Γ(D)D21−D(D − 2) . (34)
When 2J/p > 1, Πσ(p) should be expanded in terms of p/2J . However it has already
been shown in the Thirring model that the contribution from the region 2J/p > 1 is
sufficiently small and therefore does not affect their conclusion [11]. Since essentially the
same analysis can be applied to our case, we use (30) as long as p 6= 0.
4 Generating Functional
The generating functional W [J ] is given by
eiW [J ] =
∫
DψDψ¯DσDAeiS . (35)
First we integrate out the fermion fields:
eiW [J ] =
∫
DσDADet
{
i 6∂ − 1√
N
σ +
1√
N
6A
}
× exp
{
1
2
σiG(0)−1σ σ +
1
2
AµiD(0)−1µν A
ν
}
(36)
≡
∫
DσDAeiSeff . (37)
Seff is the effective action which includes fermion loop effects:
iSeff [σ,A]
= i
{
1
2
σiG−1σ σ +
1
2
AµiD−1µνA
ν
}
+ + ++1/3
+  . . . . .++1/4 +1/2
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(38)
where Gσ(p) and Dµν(p) are the scalar propagator the gauge propagator, respectively, at
the leading order of the 1/N expansion:
iG−1σ (p) = iG
(0)−1
σ (p)−Πσ(p) , (39)
iD−1µν (p) = iD
(0)−1
µν (p)−Πµν(p) . (40)
After integrating out the fermion field, we have an infinite number of non-local vertices
in eq.(38). W [J ] is given by calculating all vacuum graphs which are made by connecting
these non-local vertices in the 1/N expansion.
First we restrict ourselves to the leading order of 1/N expansion, O(N). Since the
source J is infinitesimal, the higher order terms with respect to J can be omitted in the
calculation ofW [J ]. We expandW [J ] with respect to J and we will omit the terms higher
than JD. Therefore we consider the order of various graphs in order to estimate which
graphs should be included in W [J ] up to O(JD). For example, we estimate the graphs
Fig.1-2 which are contained in the order parameter (ϕ(J) = 〈ψ¯ψ〉J):
Fig.2Fig.1
We have
Fig.1 = 〈ψ¯ψ〉0J = −iNtr
∫
p
i
6 p+ J
= Nc0J − Nc1
D − 1J
D−1 . (41)
This graph is of order O(J). From (41), we also note that 1/N leading tadpole diagram
Fig.2 is of order O(J).
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Let us consider the n-point vertex shown in Fig.3 (n ≥ 3). The case n = 2 in Fig.3 is
the vacuum polarization and has already been absorbed into Gσ. This vertex is obtained
by differentiating (41) with respect to source J :
Fig.3 Fig.4 Fig.5
Fig.3 =
1
(n− 1)!
(
∂
i∂J
)n−1 [
Nc0J − Nc1
D − 1J
D−1
]
=
−Nc1(D − 1)(D − 2) · · · (D − n+ 1)
in−1(n− 1)!(D − 1) J
D−n (42)
∼ O(JD−n) . (43)
If n > D, (42) has negative power in J and diverges when J = 0. This is the consequence
of existence of infrared divergence of Fig.3 in the case of J = 0. By using this vertex, we
find that there exists a graph contributing to W [J ] at O(JD). Since Fig.4 includes Fig.3
(O(JD−n)) and n tadpoles (O(Jn)), Fig.4 becomes of order O(JD):
Fig.4 ∼ O(JD) . (44)
It will be shown below that a graph which contains more than two non-local vertices
of Fig.3 does not contribute to W [J ]. It is clear that the tadpole diagram Fig.5 is of order
O(JD−1) with D > 2, and hence the order of this graph is higher than the simple tadpole
Fig.2. Let us consider a graph which contains more than two vertices in Fig.3. There is at
least one tadpole Fig.5. If we convert this tadpole Fig.5 into a simple tadpole Fig.2, the
order of the graph becomes lower, and finally we can reduce the graph to Fig.4. Therefore
we conclude that the order of such a graph as contains more than two vertices in Fig.3 is
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higher than that of Fig.4 which is O(JD), and such a graph does not contribute to this
order. We can easily found here all graphs Fig.6-8 contributing to W [J ] at O(JD) at the
leading order of 1/N expansion:
Fig.6 Fig.7 Fig.8
These graphs are easily calculated by using (41) and (42).
Similar arguments can be applied to the next-to-leading order of 1/N expansion. In
the next-to-leading order, we have to consider the following non-local vertices in Fig.9-14
similar to Fig.3.
Fig.9 Fig.10 Fig.11
Fig.12 Fig.13 Fig.14
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Fig.9 can be calculated by differentiating the scalar vacuum polarization (30).
Fig.9 =
1
2
Tr
[
Gσ
∂
i∂J
(−iΠσ)
]
(45)
=
−Ω
2
∫
p
[
iGσ(p)
∂
∂J
Πσ(p)
]
, (46)
where Ω denotes the space-time volume, Ω =
∫
dDx. Gσ(p) and Πσ(p) can be expanded
in terms of J . Then Fig.9 is given by
Fig.9 =
−1
2
∫
p
1
G−1S − c0 + h0pD−2
{
1− h2p
D−4J2
G−1S − c0 + h0pD−2
}
×
{
2h2p
D−4J +DhDp
−2JD−1
}
+O(JD+1, J3) , (47)
≡ −B1J − B2JD−1 +O(J3) , (48)
∼ O(J) , (49)
where
B1 =
4α(D − 1)ΛD−2
(D − 2)
[
1− 1
g˜s
log(1 + g˜s)
]
, (50)
B2 =
αDhD
(D − 2)h0 log(1 + g˜s) , (51)
g = c0GS , g˜s =
h0Λ
D−2
c0
(
g
1− g
)
, α =
1
(4pi)D/2Γ(D/2)
. (52)
Fig.10,11,12,13, and generally n(n > 3)-point vertex(Fig.14), can be obtained by the same
procedure:
Fig.10 +
1
2
Fig.11 =
1
2 · 2Tr

Gσ
(
∂
i∂J
)2
(−iΠσ)

 ∼ O(1) , (53)
Fig.12 + Fig.13 =
1
2 · 3!Tr

Gσ
(
∂
i∂J
)3
(−iΠσ)

 ∼ O(JD−3) , (54)
Fig.14 =
1
2 · n!Tr
[
Gσ
(
∂
i∂J
)n
(−iΠσ)
]
∼ O(JD−n) . (55)
Thus n(≥ 3)-point vertex Fig.14 as well as Fig.3 is of order O(JD−n) and this fact leads to
the same argument as at the leading order. Note that there appear several tadpoles(O(J))
Fig.15-17 in the next-to-leading order:
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Fig.15 Fig.16 Fig.17
By using almost the same discussion as in the leading order, we find the following graphs
will contribute to generating functional in the next-to-leading order. The above tadpoles
Fig.15-17 and the following graphs Fig.18-24 can be easily calculated by use of (41), (49),
(53) and (55).
Fig.18 Fig.19 Fig.20
Fig.21
Fig.22 Fig.23 Fig.24
Now we include the gauge interaction, which can be performed by almost the same
procedure as before except that gauge tadpoles do not exist. Here we denote only
graphs(Fig.25-31) contributing to the generating functional:
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Fig.25 Fig.26 Fig.27
Fig.28
Fig.29 Fig.30 Fig.31
In order to calculate these graphs, we need Fig.32 which is obtained by differentiating the
vacuum polarization tensor:
Fig.32
Namely,
Fig.32 = −A1J −A2JD−1 +O(J3) , (56)
A1 =
2α(D − 1)f2ΛD−2
(D − 2)f0
[
1− 1
gV
log(1 + gV )
]
, (57)
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A2 =
αD(D − 1)fD
(D − 2)f0 log(1 + gV ) , (58)
where gV ≡ −f0ΛD−2GV is the dimensionless Thirring coupling constant.
In the end of lengthy calculation, we found all graphs(Fig.6-8 and Fig.18-31) contribut-
ing to the generating functional W [J ] in the next-to-leading order of 1/N expansion. By
calculating all these graphs, we finally obtain W [J ] as
1
Ω
W [J ] = (Fig.6) + (Fig.7) + (Fig.8) + (Fig.18) + · · ·+ (Fig.31) (59)
=
1
2
KJ2 +
1
D
PJD , (60)
where K,P are given by
K = NK0 +K1 , (61)
K0 =
c0
1− g , (62)
K1 = −A1 +B1
(1− g)2 , (63)
P = NP0 + P1 , (64)
P0 =
−c1
D − 1
(
1
1− g
)D
, (65)
P1 =
{
−A2 − B2 + c1D(A1 +B1)
c0(D − 1)
(
g
1− g
)}(
1
1− g
)D
. (66)
5 Effective Potential by Inversion
The order parameter for the dynamical symmetry breaking, ϕ(J), is given by differ-
entiating (60) with respect to source J :
ϕ(J) = 〈ψ¯ψ〉J = 1
Ω
∂W
∂J
= KJ + PJD−1 . (67)
We here made use of inversion method[13] to obtain the effective potential instead of
taking a Legendre transformation. By inverting (67), we obtain
J = K−1ϕ−K−1PJD−1 (68)
= K−1ϕ− PK−DϕD−1 (69)
= K−1ϕ+QϕD−1 . (70)
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K−1 is expanded in 1/N as
K−1 =
1
NK0
(
1− K1
NK0
)
. (71)
From the relation
J =
∂V
∂ϕ
, (72)
the effective potential of D(2 < D < 4)-dimensional Thirring-Gross-Neveu model can be
obtained in the next-to-leading order of 1/N expansion:
V =
1
2
K−1ϕ2 +
1
D
QϕD . (73)
Dynamical symmetry breaking occurs if the equation J = ∂V
∂ϕ
= 0 has a non-zero solution,
ϕ 6= 0. It is realized when K−1 < 0, and the critical surface is given byK−1 = 0. Note that
we calculate all graphs through vacuum polarization. Therefore our effective potential and
all our conclusion has no gauge dependence[13].
6 Critical Line
K−1 is given in (71) reads
K−1 =
1
NK0
(
1− K1
NK0
)
(74)
=
1− g
Nc0
{
1 +
1− g
Nc0
(A1 +B1)
(1− g)2
}
(75)
=
1
Nc0
{
1− g + A1 +B1
Nc0
}
. (76)
Now, the critical coupling constants are given by the equation K−1 = 0 which defines a
surface(gc, gVc , Nc) in the parameter space (g, gV , N):
0 = 1− gc + (D − 1)
2Nc
[
1− 1
g˜sc
log(1 + g˜sc)
]
− (D − 1)
2(4−D)
2Nc(D − 2)
[
1− 1
gV c
log(1 + gV c)
]
,
(77)
where g˜sc was defined in (52). We can see from (77) that gc ∼ 1 for large Nc, and therefore
we can approximate this equation as
gc ≃ 1 + D − 1
2Nc
− (D − 1)
2(4−D)
2Nc(D − 2)
[
1− 1
gV c
log(1 + gV c)
]
+O
(
1
N2c
logNc
)
. (78)
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Eq.(78) works well when N is sufficiently large. We will investigate the structure of the
critical surface using eq.(78).
Before investigating (78) in detail, we consider the pure Gross-Neveu model. Taking
gV c = 0 in the eq.(78), the critical line of the dynamical symmetry breaking in the Gross-
Neveu model is given by
gc ≃ 1 + D − 1
2Nc
+O
(
1
N2c
logNc
)
. (79)
It is remarkable that this critical line is exactly the same line obtained by using SD
equation up to the next-to-leading order of 1/N expansion[16].
Let us return to (78) to look into the critical surface of Thirring-Gross-Neveu model.
We consider here D = 3 for convenience. Then the critical line is written as
gc = 1 +
1− 2H(gV c)
Nc
, (80)
where H(z) is defined by
H(z) ≡ 1− 1
z
log(1 + z) . (81)
H(z) is monotonically increasing function and H(0) = 0, H(∞) = 1. Since 0 ≤ H ≤ 1
and N ≥ 1, we find gc < 2 in (80). The critical line in the (gV , N) plane is given in
FIG.A-1 and FIG.A-2 for various values of g.
We here divide the region 0 < g < 2 into three regions, (1)g > 2, (2)0 < g < 1(FIG.A-
1) and (3)1 < g < 2(FIG.A-2), where g = 1 is the value of critical coupling constant at
the leading order of the Gross-Neveu model. The forms of critical line in these region are
different from each other as follows:
(1) g > 2
In this case, the chiral symmetry is always broken irrespectively of gV and N .
(2) 1 < g < 2 (FIG.A-1)
In this region, the critical line (80) reads
Nc =
1− 2H(gV c)
gc − 1 <
1
gc − 1 . (82)
For g > 1, gV c can take a value which satisfy the equation 2H(gV c) < 1. The critical line
exists only in the region N ≤ 1
gc−1
and Nc decreases as gV c increases as shown in FIG.A-1.
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The symmetry is dynamically broken when N > 1
gc−1
.
(3) 0 < g < 1 (FIG.A-2)
In this case, Nc increases according to increasing gV c and there exists a critical value
of Nc:
Nc =
2H(gV c)− 1
1− gc < Nc(gc, gV c =∞) =
1
1− gc . (83)
The dynamical symmetry breaking does not occur when N > Nc(gc,∞). This critical
line is quite similar to the critical line obtained in the Thirring model [10][11]. Thirring
interaction strongly affect the system in this region, 0 < g < 1. Thus, the property of the
critical line is drastically changed at g = 1.
This can be understood naturally as follows. g = 1 is the critical coupling constant of
the Gross-Neveu model at the leading order of 1/N expansion, and Thirring interaction
does not strongly affect the leading order. Therefore, for g > 1, Gross-Neveu interaction is
dominant. The system behaves like the Gross-Neveu model, and the symmetry is broken
almost all the region. As N increases, the effect of 1/N next-to-leading order becomes
small, and the system is dominated by the tadpole of the leading order. Therefore the
dynamical symmetry breaking occur in large N region for g > 1.
On the other hand, the critical behavior is quite different in 0 < g < 1. In this region,
the Thirring interaction strongly affects the system, and the system (or the critical line)
becomes Thirring-like. There exists a critical value for N , Nc(gc, gV c = ∞) < ∞. The
dynamical symmetry breaking does not occur in the large N region, N > Nc(gV c =∞, gc),
even if gV −→ ∞. The symmetry is broken in the small N region. This is in contrast to
the case 1 < g < 2 where the system behaves like Gross-Neveu model.
Thus the critical behavior drastically changes at g = 1. The system behaves like
Thirring model in g < 1, whereas it does like Gross-Neveu model in g > 1.
7 Conclusion and Discussion
In this paper, we have constructed the effective potential for the order parameter of the
chiral symmetry, the fermion condensate 〈ψ¯ψ〉 in the hybrid model of the Gross Neveu
model and the Thirring model in D(2 < D < 4) dimensions. From this potential, we
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have shown existence of the chiral symmetry breaking and explicitly obtained the critical
surface.
We have analysed our model using the inversion method in 1/N expansion. In this
model, existence of Gross-Neveu interaction make our analysis complicated. So many
diagrams contribute to the generating functional. But we found we do not have to cal-
culate all the diagrams. We have expanded the generating functional W [J ] in terms of
the infinitesimal source J , and estimate it on the order O(JD). In section4, we investi-
gated systematically the order of diagrams with respect to source J , and determine which
diagram contributes to the generating functionalW [J ] or effective potential V (〈ψ¯ψ〉). Re-
sultant effective potential has no gauge dependence, because we calculated all diagrams
through vacuum polarization.
From this effective potential, we obtained explicitly the critical surface which separates
symmetric phase and broken phase of the chiral symmetry. Especially, if we consider the
special case gV = 0 (Gross-Neveu model), our result(79) reproduces exactly the same
result obtained by using SD equation[16].
Kim et al.[15] have already studied Thirring Gross-Neveu model by using SD equation
and they found critical surface. Although the original Lagrangian(2) has no gauge sym-
metry, they pretended the auxiliary massive vector field as really a gauge field without
introducing hidden local symmetry. Furthermore, the SD equation becomes coupled in-
tegral equations for A(p) and B(p) in the full fermion propagator S(p)−1 = 6pA(p)−B(p),
which are difficult to solve. Therefore additional approximations (or assumptions) be-
sides 1/N expansion were made in their analysis. They assumed that the form of A(p)
can be determine by using perturbation, and mass function B(p) can be regarded as a
constant. As a result of such an approximation, the effects of the next-to-leading order
of the Gross-Neveu interaction were not included.
On the other hand, we succeeded in obtaining the effective potential and the critical
line without using additional approximation besides 1/N expansion.
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Fig.A-1:
The critical lines for various values of Gross-Neveu coupling constant g, (g = 0.2: lower
line), (g = 0.5: middle line), (g = 0.8: upper line). Horizontal line and vertical line denote
gV and N , respectively.
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Fig.A-2
The critical lines for various values of Gross-Neveu coupling constant g, (g = 1.2: upper
line), (g = 1.5: middle line), (g = 1.8: lower line). Horizontal line and vertical line denote
gV and N , respectively.
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